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A time-optimal control that steers the phase point for a third-order linear system to the origin is constructed in an explicit analytical
form. It is assumed that the characteristic exponents are zero, and the constraints on the control function are non-symmetric.
The system simulates the dynamics of a point mass driven by a force whose rate of change can be regulated. An optimal control
is constructed both in the feedback and open-loop forms. In the latter case, the optimal control is a function of time. Relations
are derived for the switching curve and surface and for the time intervals of the motion; optimal phase trajectories are constructed;
the feedback control portrait is investigated. The influence of a parameter characterizing the degree of asymmetry of the constraints
is studied. “Near-optimal” control modes, which are much simpler to implement, are constructed. © 2000 Elsevier Science Ltd.
All rights reserved.

1. FORMULATION OF THE PROBLEM

We consider a time-optimal control problem [1] for a third-order controlled system.

¥=u x(0)=x°, #(0)=x° %0)=3x°
x(t;) = x(t;)=i(t;)=0 (1.1)

. - - +
t;—>min,, u su<ut, <0, u*>0

It is required to find an optimal control u in the form of a programme u* =ut (8 éx 0 % anda synthesis
u* = ugx, x, X), as well as the optimal response time of the motion ¢ = T(x X, X"), the switching times
of the control, which is of the ba ng- bang type, the Bellman functlon T(x X, x) of problem (1.1) and
optrmal trajectories x = x*(t, x% 0 ¥ ), % =4, x% 1019, % = $*(t, 2% 2°, #%); in other words, the problem
is to construct an optimal feedback control portrait [1]. No complete solution of this problem is known
in scientific literature. It is of certain methodological and applied interest.

We note that at an early stage, when the mathematical technique of the maximum principle was first
established, schemes for constructing the switching surface, based on Fel’dbaum’s theorem, were
developed ([2, 3], etc.), and equations to determine the time intervals and simplified relations
were presented [3]. Problem (1.1) has been investigated [4] for the case of symmetrical constraints
(—u~ = u™) when no terminal condition is imposed on the quantity x(tf) Krasovskii’s methods of the
moment problem [5] have been used to analyse the case of an equation of arbltrary order x") = y,
|u| <1, whenn =1,2,3, ..., with conditions of type (1.1) x(t;) = %(tp) = ... x-1 (t) = 0. General
relations have been derlved for the minimum time and for the singular sets (sw1tch1ng curves, surfaces
and hypersurfaces of the control), in particular, for n = 3, but the feedback control portrait has not
been investigated.

A solution of the control problem (1.1) exists for arbitrary values of x°, i% ¥° (see Section 4). A time-
optimal control satisfies necessary and sufficient conditions in the form of the maximum principle [1].
For greater convenience in applications, we will represent the third-order equation (1.1) in the form
of the system.

w=a+u, v=w xi=v; w0)=w’ v(O0)=v°% x(0)=x°

a=W +ur)lu —u"), |al<l R¥/Iut-u")—X%)
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Proceeding in the standard way, we introduce variables r, g, p adjoint to w, v, x and define the form
of the optimal control on the basis of the maximum condition for the Hamiltonian H

u* =signr, r=r"-q%+p%*/2

t=0, r%4°% p° =const (1.3)
H = HL:." =|r|+ra+qw+ pv =const=0

p=0, g=-p, r=—q

It follows from (1.3) that the optimal control u* is of the bang-bang type and may have two, one or
no switching points (Fel’dbaum’s theorem [1]), depending on the values of w®, v% x°. The unknown
constants 7%, g%, p® and the optimal time tr are determined by three boundary conditions and one
normalization condition as a function of the initial (measured) data (w°, v’ x%). This approach, however,
is extremely cumbersome and difficult to implement.

By analogy with the two-dimensional feedback control portrait for the equation ¥ = a + u [1], we
will construct sets in the phase space (w, v, x) corresponding to the number of switching points. According
to the maximum principle, this space is divided by the switching surface into two parts. On the surface
there is a switching curve with the property that if the phase point moves along that curve, it will reach
the origin without switchings. We will find analytical expressions describing the different parts of the
motion and the sets just described. Introduction of a Cartesian system of coordinates WVX yields a
readily visualized geometrical representation of the constructions (see Fig. 1). We will refer to the WV
plane as horizontal.

At the first stage 0 < ¢t < O the point Q@ = (w, v, x) moves from an arbitrary initial state
Q° = ", 1% x°) (1.2), with the corresponding value of u = *1, until it reaches the surface P, on which
the control is switched. Thus we have the following expressions when ¢ = &

W0+x’ =W,, U0+Woﬁ+xZ =U|
x40+ w00 245 =x, Y =(a+w)O* /K, k=123 (1.4)
920, Q°=.4"w°x%)eR, G =(w v, x)€P

After the control changes sign, # — —u, the phase point moves along the surface P from state
Q; = (w1, vy, x7) until it intersects the switching curve L, which divides the surface P into two parts. At
the second step, ¥ =< ¢ < 9 + 1, the phase portrait is two-dimensional (similar to that of the classical
case [1]); finally, we obtain expressions of the same type as (1.4) whent =9 + 1

Fig. 1.
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wy+ Y 1 =wy UB+wt+)a=t
X+ uT+wT 2+ 3=x, (1.5)
xk=(a—u)‘t", k= 1,2, 3, ©=0, Q2=(W2, Uz,Xz)e L

The control changes sign again on the switching curve L, and the phase point Q moves along the
curve from state Q, to the origin O = (0, 0, 0) in the time 6 = 0; when? = ¢, = ¥ + T + 0 we have the
following relations

W2+X|=0, U2+W29+X2=0 (16)
x2 +U29+W262/2+X3 =0,

e =(a+u 1k, k=1,2,3; 6=0

Relations (1.4)—(1.6) are parametric equations of the switching surface P and switching curve L of
the bang-bang control; they also define the mtervals of the motion 9, 1, 6 and the optimal time
tr=9 + 1T + 0 as functions of an arbitrary initial point Q°. In addition, the conditions 9, , ® = 0 uniquely
define the optimal control both at the beginning and throughout the entire process of the controlled
motion.

Thus, it is required to solve the equations for the unknown characteristics, to investigate their
propertles and to construct a portrait of the t1mc-opt1mal motion of the phase point  from the position
Q" to the terminal state Oy. If the point Q" is fixed, relations (1.4)—(1.6) define an optimal open-loop
control: the switching times and the initial value of u = * 1.

2. CONSTRUCTION OF THE OPTIMAL FEEDBACK CONTROL

We will first use relations (1.4)—(1.6) to determine the portrait of the time-optimal motion in the entire
phase space: 0° — Q e R. To that end, we construct the switching curve L and the switching surface
P of the bang-bang control.

2.1. The switching curve. The switching curve is parametrically defined (6 = 0 is the parameter) by
Eqgs (1.6); it consists of two optimal trajectories reaching the origin. We solve Egs (1.6) for wy, v, x5;
we obtain the desired expressions

W=wy=—x1, V=p=x) X=x=-x 2.1)
=(a+w)P* /K, k=123
u=u2=il, 620, L=L+UL_
It follows from (2.1) that if O e L, that is, some 6 > 0 exists for which the vector equation Q = Q,(8)
is satisfied, the optimal control is u, = —signw, and motion occurs along the corresponding branch L.

of the curve L. The projections of the switching curve onto the W} and WX planes have the following
form (see Figs 2 and 3, the dashed curves 1, 2 are fora = 0 and a = 1/2, respectively)

V=E,W)=—(1-asignW)™ IW|W/2
X=E,W, & =(a-signW)'"* /R, k=23 (2.2)
(V=09125u,(0+au,) X5, uy =-signX

X =2/ (1 +aw) A |VE, uy=signV

The curves V(W) and X(W) of (2 2) have horizontal tangents (the W axis is horizontal).

It follows from (2.1) and (2.2), in particular, that u = u, = * 1 for X, X, W = 0, that is, the control
u is completely defined on the curve L. Note that if 4 = 0, the curves (2.2) are invariant under the
substitution u — --u, Q0 — —Q. The curve L divides the surface P into two parts P. corresponding to
u, = *x1(L ¢ P, P =P, U P_U L); see below.
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2.2. The switching surface. The construction of the switching surface P is based on relationships (1.5)
and (1.6), by analogy with (2.1) and (2.2). The parametric representation is

W=w ==X, V=v, =% X=x=-x;
Xe =a®@+D)  —u [(O+ )} -21* /K, k=1,2,3 (2.3)
9,1:?0, Uy =%1

Taking into consideration that by (2.3) 6 and t are non-negative, we obtain the desired
representations and the condition to be imposed on Wand V'

0=(1+au)" [(1+au))W? /2 +u (1 - a®)V}*
t=w(1+au) ' W+ +au)1-au)'0, u ==I (2.4)
w(1-a*)V+(1+au )W2/2=0
Substitution of (2.4) into the third relation in (2.3), for X, yields an expression X(W, V, u;) in which
the function u,(Q;) is as yet undetermined. It follows from the necessary and sufficient optimality

conditions of the maximum principle [1] that the inequality in (2.4) defines the domains of the values
of W, and V for which u; = % 1, respectively

uy =u; =signW (2.5)

(1-a?)Vsign W= = (1 +asign W)W? /2
Thus, the explicit expression for the switching surface P becomes
X=uwt 13+ +au)*(W-2u7)* 16 = X"(W,V,u,)
t=(l-au)” @W+[(1+au)W? /2 +u,(1 - a® V) = 1* (W, V,u)) (2.6)
w =%l, VZ-(l+asignW)(1~-a?)|W|W/2=V W)

According to (2.5) and (2.6), the function X*(W, V, u) is smooth everywhere except for the set of
the values of W and V' corresponding to the change of sign of u;,

V=V W)=—(1-a®)"'(1 +asign W)|W|W/2 2.7)
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A direct check will show, after (2.7) is substituted into (2.6), that the curve along which the two smooth
parts of the surface P join together is the switching curve L of (2.2). Indeed, we have

W, w=0

(l4:I)W/2+(l¢a)‘r'(W,V'(W),tl):{ (2.8)
0, W=0

X(W, V' (W), 2)=(1Fa) 2 W3 /6

The system of equations (2.7) and (2.8) defines the switching curve L of (2.2).
We have thus established that the switching surface is P = P, U L U P_, where the parts P.. of the
surface correspond to the values u; = *1, respectively. The analytical expressions for P, have the form

P={W.V,X: X=X"(W,V,u), u =21, VZV' (W)} (2.9)

As a result, we have constructed singular sets: the switching surface P and switching curve L C P of
the bang-bang control u(Q). These sets also depend on the parameter a, |a| < 1. They are shown
graphically in Figs 1-3; for clarity, we show the situation for @ = 0 and a = 1/2, respectively. Figure 1
is an isometric projection of the switching surface P and the switching curve L of the control. The
orthogonal projections of the switching curves onto the W} and WX planes are shown in Figs 2 and 3
(dashed curves 1 and 2) fora = 0 and a = 1/2, respectively.

2.3. Synthesis of the time-optimal feedback control. The bang-bang control is constructed using
expressions (2.1)—(2.6) and (2.9). In the regular case, where Q ¢ P, the control u* is defined as follows:

u. = u(;(Q) = i‘], xS X(W,U) (QERi)

R, ={wu,x: xS X '(wuv,u))

(2.10)

The control ug(Q) (2.10) steers the phase point Q onto the switching surface P or, more precisely,
onto one of its parts P, on which the optimal control changes in sign (when there are no perturbations).
The phase point Q = Q; ¢ P. then moves along the surface P and reaches the curve L: O, = Q, ¢
L. After the control has changed sign, the point 0, moves along the curve L. to the terminal point

f.
If the system is subject to uncontrolled perturbations, the synthesis of a time-optimal feedback control
involves verification that the phase point belongs to the sets R.., P., L., that is

u' =u(Q)=%1, QeRUPRUL, (2.11)

at each instant of time.
2.4. Construction of the optimal trajectory. Simulation of the motion of the unperturbed system (1.2),
which is optimally controlled according to the feedback law (2.11), reduces to elementary integration

of the equations for the piecewise-constant values of the function u = uy(Q). At the first step we
have

wt)=w +x, vO=0 + w4y, x(0)=x"+00r+ w2124y,
1 = (@+ug(Q®Nt 1K, k=123, 0=t=9 (2.12)
where Q° & P (the regular case) and the control ug(Q% is chosen on the basis of (2.10)
ug = —sign(x® - X(w® v °,u,))
After the surface P has been reached at a certain time #; = & for which
x(9) = X(w(8),v (8),4))

the control changes sign; note that when that happens Q(9) € L. The phase point moves on the part
of the surface P, or P_ in accordance with the formulae
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wit)=w +%;, v(@)=u, +w(—-08)+),
x(£) = x4, (1= D) +w (1 —9)2 /24 %, (2.13)
% =(@~ug(@NE -9 1k, k=123

By (2.13), at some time ¢t = t, = { + 1 the phase point intersects the curve L, that is
v(ty) == tw(tr)iw(ty), wt)=w,, v()=v,

x(’z)= X3W3(I2)=XZ (2.14)

xp = (1 —-asignw(t, )™ 1k!, k=23

that is, O(t,) = @, € L. Further motion of the point Q(t) fort, <t <t =1, + 0 occurs, by analogy
with (2.12) and (2.13), from the point Q, (2.14) to the origin Oy under the control u = uf(Q". By (1.6),
the terminal point O is reached after a time interval © = (1 — a signw;)~ '|w,|. Note that if Q = Q,
€ P., the time intervals T, 0 are determined similarly, on the basis of the values w, vy, using formulae
(2.3)~(2.7); see below.

Under real conditions, the system may experience perturbations, either constantly acting or impulsive
with respect to w. This leads to singular control modes sliding along the surface P and curve L. The
control u3{(Q) is chosen theoretically by (2.11) at each instant of time (in practice — fairly frequently,
for example, at times separated by the basic time step of the integration or measurement process of
the phase vector (Q). An example — computation of the optimal phase trajectory fora =0anda = 1/2
(solid curves 1 and 2) - projected onto the WVand WX planes, is shown in Figs 2 and 3 for initial values
of the phase variables w? = =2, 0% = 1.5,x% = —1.5; the optimum response times are tr = 6.15 and
tr = 3.92, respectively, see below.

3. DETERMINATION OF THE TIME CHARACTERISTICS OF THE
MOTION IN THE TIME-OPTIMAL PROBLEM

A synthesis of the feedback control was constructed in Section 2; it is based on measuring the phase
vector and may be implemented without computing the relevant time intervals 3, T 0 and the minimum
value of ¢, = 9 + 1 + 6. However, effective determination of these quantities is extremely important
from both the theoretical and applied viewpoints, e.g. in order to construct an open-loop control and
optimal trajectories according to Section 2.4. This may be done using formulae (1.4)-(1.6).

3.1. Determination of the time intervals. Let us eliminate the unknowns O, and @, from (1.4)—(1.6).
We obtain an algebraic system for the required U, T and 6

Al=—%,, AN=YX;. A&=-Y3; t;=0+1+0

A= +A) U, AN=@ —Ay)/u, AE=(x"+A3)/u
u=uy (Q°) =%l

X =6 = 2T+ 0V 4205 /K, A, =arf /K, k=123

The value of u in (3.1) is chosen in accordance with (2.10) or (2.11). Solving the first two equations
for T and ¥ in terms of A, An and the unknown ¢, we obtain

(3.1)

.=, +AD)I2, O, =(t; ~AD/2-6, =Dy(t;)/ T,
6, = dy(r.)/ s (3.2)
Dy o =HAANF ALY +2A01, 21)/8, B, +1.+6, =1,

Note that, by (3.1), the values of A and An in (3.2) depend on the unknown ¢ Substituting the
algebraic functions 7« and 9. (or 1« and 6., 8. = = T = ¥.) (3.2) into the relatlon for AL (3.1) and
multiplying by 1. > 0 (in the regular case, where Q° ¢ L), we obtain a fourth-order equation for the
unknown f;, for example, in the form
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F(t;, AL, AN, AE) = AET, + 13T, /6 - 131] + 20, ®yT, +1,1) - DgTl — 12 /13- D5 =0 (3.3)

The functions 1., @y, AE (and @y, AL, An) are determined by (3.1) and (3.2) as functions of the
unknown t;, the given quantities w’, v°, x°, and the parameter a. We have to determine the minimum
root ¢f of q (3.3) which satisfies the condltlons

t; =1,(0%a)>0, " =1(0%a)>0
9" =9(Q%a)>0, 6" =6(Q°%a)>0

As in the case of symmetrical constraints [3], it turns out that these conditions hold for the maximum
root of Eq. (3.3).

The desired root ¢ of (3 4) may be determined analytically using the Cardano formula or numerically
for fixed Q° and a. It is fairly simple to estimate the minimum value 7 and maximum value t}'
(¢F= ;> 0) of ¢, in particular, using the “near-optimal” approach to the solution of the problem (see
Section 4).

Note that if Q% & P, all the above time intervals are strictly positive. If Q e P,but Q° ¢ L, then
B+ = 0, T, 6+ > 0. Finally, ifQ% e L, but Q= Oy, we have T« = 9. = 0, 6. > 0.

For the figures specified above, the time intervals fora = 0 are as follows: tf = 6.15, O« = 3.16, t* =
2.08, 0* = 0.92; similarly, if a = 1/2, the desired quantities are t} = 3.92, 9. = 1.61, t* = 1.94,0* = 0.3.

34)

3.2. Construction of the Bellman function. The optimal response time ¢} for an arbitrary point Q € R
~ the Bellman function T(Q) of problem (1.2) — is determined as a positive piecewise-smooth solution
of the Cauchy problem for the Hamilton-Jacobi-Bellman equation

—19T /0w 1+adT/dw+woT /v +v oT /dx = -1 (3.5)
u' =-3T/wlaT/owl™, T(Q)>0, T(Q,)=0

The relation between dynamic programming and the maximum principle was discussed in [1]. To solve
the Cauchy problem (3.5), one has to construct the equations of characteristics and solve the two-point
boundary-value problem of the maximum prmmple in the form (1.2), (1.3). The correspondmg
expressions (3.2)~(3.4) for an arbitrary point Q° determine the desired Bellman function T(Q) = ¢ f 1),
which depends on the three variables w, ), x and on the parameter a. It may be defined as a computational
procedure or represented by sections ¢/ = const, that is, two-dimensional level surfaces in the three-
dimensional space of the variables w, v and x for fixed a.

4. “NEAR-OPTIMAL” CONTROL MODES

Besides the optimal control modes just constructed, comparatively simple methods may be proposed
that do not require very much more time. They are analogous to “coordinatewise descent,” and their
implementation does not require large computational resources.

4.1. The simplest method of control. This mode consists of three stages: (1) time-optimal steering to
zero acceleration w; (2) time-optimal steering to zero velocity v and to acceleration w from the state
w = 0; (3) time-optimal steering to zero value of the coordinate x, to velocity v and to acceleration w
from the state w = 0, v = 0. Thus, the phase point first moves in the VX plane, then along the X axis,
finally reaching the terminal point Q. The corresponding controls u(t) are constructed using piecewise-
constant (bang-bang) functions, Wthh become Walsh functions if a = 0 [7]. Figure 4 is a schematic
representation of the control process.

Thus, at the first step we have the following expressions (in the regular case position, Q° & L)

Ost=s4=1, Elwolld‘(w)o, di(w)El:tasignw
u=u,(t)=-signwl(h(t) - h(t-1,,))
01)=0,=0v,,x), v,=v+1-d"(W*)/2)1w%1w°

x =x0 +u 2 1wl 143 - d" (WO )wW36

(4.1)

where h is the Heaviside step function.
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It follows from (4.1) that 7, = |w°| fora = 0 (symmetrical constraints, u~ = u *), since d* = 1. In

addition, the ratio k,, = 1,/|w | is a monotone decreasing or increasing function of 2 as |a| — 1, and,
moreover, k,, — 1/2 or k,, — oo, since d* — 2 or d* — 0. The expressions for v; and x; in the specnal
case of symmetrlcal constraints are obtained from (4.1) by settinga = 0.

By (4.1), the acceleration w is a linear function of ¢; the velocity v is described by a segment of a
parabola and the coordmatex by a segment of a cubic parabola The quantities v, and x; may be arbitrary;
compared with |v°| and |x°|, their absolute values at the end of the control process may be increased
or decreased (see Fig. 4). It is obvious that the value of 7,, (4.1) is a lower bound ¢ for the minimum
time #; (see Section 3.1).

If v; # 0 (the second stage), the control and the other characteristics of the process are defined by
the relations.

n<t<ty=1,+1,, T, =, P (v+v')=d+0

v=(d*t @)/ d @) Q)= 0; =(0,0,x,)
u, = —signv[h(t - 1)) = 2h(t -1, - &) + h(t ~ 1, - 1, )] (4.2)
Xy =x, +v,T, —signv,[d” ) (8 + 3826 -3862)-d* (v,)5°)/6

It follows from the expressions for 7, in (4.2) that 7, — <o as la| = 1. Slncc v(a) is a monotone function,
if v, is fixed and 1ndependent of a, we obtain a minimum 7, = 2|v, | ? corresponding to a = 0, v(0) =
1,thatis § = ¢ = |v;| 2 fora = 0.

The quantltles T,» U1 and x; in (4.2) are defined in terms of w?, u® and x° by (4. 1). The function u,(t)
changes sign in the second interval when ¢ = ¢; + §, 8/ = v?, which guarantees that the acceleration
w will automatically vanish when ¢ = t,. A suitable choice of the sign of the control (-sign v;) and the
length of the interval T, will reduce the velocity v to zero at t = ¢; the value of x; (4.2) can be arbitrary
(see Fig. 4).

We now consider the third, final stage of the control, completing the process whereby the phase point
Q is brought from the state 0,(0, 0, x,) to the origin Q(t3) = Of = (0, 0, 0). If x, # 0, the bang-bang
control and the other parameters of the motion are defined by analogy with (4.1) and (4.2); the control
has two switching points. We have the following governing relations

b <t<t3=T,+7T, +T, T, =2(Y+x%)

x=yd" (%)) d*(xy), ¥ =0x; 112" )Y A (xy)

= (d () (d* ()7 16+ 2(d ™ (x,)) +3(d™(x,))? 1 d*(x,)) (4.3)
u=u (t)=-~signxy(h(t —t;)-2h(t —t; —Y)+2h(t - t, ~T, /2 -2}~ h(t -1, - 1,))

Q(t;) = Q; =(0,0,0)



Analytical synthesis of time-optimal control in a third-order system 517

Note that the control u,(¢) is symmetrical about the midpoint of the interval 1,/2 = ¥ + k. In the case
of symmetrical constraints on the control (see Section 1,a = 0), we havey = x = 1,/4 = (Ix2]/2)"3; by
(4.1) and (4.2), the value of x, is x, = x; + v, T,, where the length of the second step 1, = 2|v;|"? js
determined bg the value of the velocity v, at its first point V1 = v’ +w’[w°|/2, and the displacement
isx; = x% + 00w + w93, The resulting expression for t,(a) (4.3) indicates that T, — e as |a| — 1
(see above, the second stage) and for fixed x, independent of a, but the minimum is reached at a value
a* = signx; (1 — ¥(4/3)), |a*| = 1/6. In addition, relations (4.1)~(4.3) imply the following estimate

£, = 0w 1+10® P8 +1x° 15)

for asymptotically large values of ||Q°||. Note that the quantity 5 of (4.3) defines an upper bound
t7for the unknown #5; see (3.2)-(3.4).

Figure 4 presents time histories of the phase variables w, v, x and a “near-optimal” control u for the
same initial data as before (see Sections 2 and 3). The desired time ¢; turned out to be ¢; = 7,06 for
a = 0 and t; = 5.07 for a = 1/2. Figures 5 and 6 show projections of the phase trajectories onto the
WV and WX planes analogous to those presented in Figs 2 and 3; an analysis and comparison of these
curves would definitely be interesting.

4.2. Combined method of control. Compared with the coordinatewise mode of control considered
above, according to relations (4.1)-(4.3), which give a very rough lower bound ¢ and upper bound ¢}
= t3 for the minimum time ¢ it is fairly simple to implement a two-stage process which yields a sharper
estimate of #: (1) time-optimal steering of the acceleration and velocity of the system to zero, (2) optimal
steering to the terminal point Q. Thus, the first stage combines two stages of the “coordinatewise
descent” control mode considered above and is reduced to the known exact solution [8] for the classical
problem [1: v =u,u <su<u",

The control at the first stage contains one switching point, determined by the time ¢ = o at which
the switching curve intersects the WV plane. There are explicit expressions for the optimal control and
time characteristics of the control process at the first stage

0<t<t,=1,,=0+p 0<t, W vl)=r=<

() ={-sign A, 0<r=<q; signA, a<r<rt,,}

A=~V 20, V(W) =— wOIw0/d-(w0)/2 (4.4)
o = wO/A- + Bd*(A)d(A)

B = [Pd-(AYA* + wO(1-a?)/2]'2

A* =d*A)sign A

AN

Fig. 5 Fig. 6
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It follows from (4.4) that fora = 0, we have d~ = 1 and the expressions for ﬁwv, T,y O, P become the
well-known expressions [1] for the case of symmetrical constraints. At the end of the first stage of the
control, w(t,,) = v(t,,) = 0, and the variable x(¢) takes the value

ATy ) = Xy = X +UB+w B 12+ A 16
we =wl-Aa, v, =0 +wla-Aa’/2 4.5)
xo =x° +v % +wla?/2-Aa’/6

where v, and w,, are the values of the variables v and w at ¢ = q, that is, at the time the switching curve
is reached according to (4.4), and x, = x(a) is the corresponding value of the variable x.

At the second stage, we have a time-optimal motion from the phase point Q,, = (0, 0, x,,,) to the
terminal point O as in the third stage considered above in (4.3), where x; = x,,,. The desired total time
ist; = 1, + T, where T, = 4(|x,,|/2)". There are estimates for the time #5(t; = ¢}) in terms of w°, v°
and x, analogous to those presented for the simple three-stage mode of control; this value may be used
as an upper limit for 3 in (3.2)-(3.4). As indicated in Section 4.1, one can construct graphs like those
shown in Fig. 4 for the trajectories and control and like those shown in Figs 5 and 6 for the projections
of the phase trajectories.

5. CONCLUSIONS AND POSSIBLE GENERALIZATIONS

Thus, Pontryagin’s maximum principle and Fel’dbaum’s theorem yield a highly efficient construction
of a time-optimal feedback control as a synthesis for a third-order system. The feedback control problem
has been successfully solved in an analytical form: the switching surface and curve are defined
parametrically or explicitly. The choice of the sign of the bang-bang control reduces to verification of
inequalities for relations defined by algebraic (power) functions.

The construction of an open-loop control requires a computation of the time intervals during which
the control has a fixed sign and the optimal time, given initial values of the acceleration, velocity and
coordinate. The optimal time is determined by solving a fourth-order algebraic equation whose
coefficients depend on the initial data. It may be found numerically or by using Cardano’s formula (see
Section 3).

Along with the optimal mode, one can use extremely simple “near-optimal” control methods which
are nearly globally optimal if the phase point is comparatively near the switching curve or surface (see
Section 3).

It is possible to extend the above approach to the construction of controls in the open-loop or feedback
form in the more general case of final conditions and asymmetrical constraints: 4~ < u < u*, where
u~ < 0,u” > 0. The problem is described by an equation of the form

¥=a+u, a=@ +u")u' -u)", lakl
where a is a constant action, the control u’ satisfies the inequality |#’| < 1 and the final conditions are
x(tp)=y(tp)s x(tp)=y(ty), X(t;)=3(t;)

where y(¢) is a known function (for example, a second-order polynomial in ¢) describing uniformly
accelerated motion of the terminal point. Time-optimal and near-time-optimal solutions are
constructed by analogy with the procedure described above, on the basis of the maximum principle,
and they are qualitatively of the same form. Investigation of the behaviour of the switching curve and
switching surface, as well as the other characteristics of the control process, as functions of the parameter
a and the phase vector @, would need separate consideration.

For applications and the theory of optimal control, it is of great importance to take into account
constantly acting perturbations, since the models considered above are highly idealized. For example,
the perturbed system might have the form

X =&f(x,x,X)+u, lel<l, (x,x,X)e Dc R (5.1)

where f is a fairly smooth function in D. In order to determine the switching curve and the switching
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surface of a bang-bang control u, approximate by the powers of the small parameter €, one would need
to develop a suitable procedure of the perturbation method, analogous to that described in [8]. A further
natural generalization of system (5.1) would be to allow the function f to depend on a quasi-constant
vector z : 2 = €Z, where z is the vector of the system parameters. The functions f and Z may depend
onx, x, X, and also on u and ¢.

It is of some interest to extend the technique to systems described by an nth-order equation of the
form

[ﬁ (%-f.},j)]x:u, Imlj=0, j=L...,n=4 (5.2)
j=1

which may also include constantly acting perturbations as in (5.1) and below. In particular, if system
(5.2) corresponds to the situation A; = 0, that is, x™ = u, then the singular manifolds (curves, surfaces
or hypersurfaces up to dimension n — 1) may be constructed successively as in Sections 1 and 2.
Determination of the time characteristics for an open-loop control requires much larger computational
resources. The construction of near-optimal modes (“coordinatewise descent”) may be implemented
by analogy with the various methods described in Section 3. The simplest mode would be successive
reduction of the derivatives to zero, beginning with the (n — 1)th: D i xIn particular, if
u~ =u", the controls corresponding to these steps are constructed using Walsh functions [7}. One may
also have combined modes, with time-optimal reduction to zero of the quantities x*~V, xX""~? at the
first stage, as described previously [1], or of x" =1, x®~2) x®~3 (see above), and so on.
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